On the multistream approach of relativistic Weibel instability.
I. Linear analysis and specific illustrations
A. Ghizzo A one-dimensional multistream formalism is extended for the study of temperature anisotropy driven Weibel-type instabilities in collisionless and relativistic plasma. The formulation is based on a Hamiltonian reduction technique using the invariance of generalized canonical momentum in transverse direction. The Vlasov-Maxwell model is expressed in terms of an ensemble of onedimensional Vlasov-type equations, coupled together with the Maxwell equations in a selfconsistent way. Although the model is fundamentally nonlinear, this first of three companion papers focuses on the linear aspect. Dispersion relations of the Weibel instability are derived in the linear regime for different kinds of polarization of the electromagnetic potential vector. The model allows new unexpected insights on the instability: enhanced growth rates for the Weibel instability are predicted when a dissymmetric distribution is considered in p ? . In the case of a circular polarization, a simplification of the linear analysis can be obtained by the introduction of the "multiring" approach allowing to extend the analytical model of Yoon 
I. INTRODUCTION
The classic Weibel instability is a purely growing electromagnetic mode excited in an unmagnetized plasma by perpendicular free energy, stored in the velocity anisotropy of plasma particles. The free energy source for the instability is provided by a temperature anisotropy of the electron distribution function between the perpendicular and longitudinal directions in the momentum space. A substantial fraction of the kinetic energy of the plasma is thus converted into the generation of strong quasi-static magnetic fields through the redistribution of currents in space. This instability was first predicted by Weibel in Ref. 1 for a non relativistic plasma. A simple physical interpretation provided the same year by Fried in Ref. 2 treated the particle distribution anisotropy more generally as a two-stream configuration of a cold plasma. This second kind of instability is usually referred as the current filamentation instability (CFI). In CFI the instability is then driven by velocity (or momentum) anisotropy instead of the standard temperature anisotropy.
The physical mechanisms underlying the development of both CFI and WI are very similar and are found in the redistribution of particle currents inside the system. Such an aspect underlies the similarities between WI and CFI instabilities and allowed us to build a theoretical model based on a multistream description allowing to unify both types of instabilities. We underline that, as a consequence of the strong physical and mathematical analogies, CFI is often called Weibel instability, in particular in the laser-plasma interaction context. Here, CFI appears as a consequence of the acceleration of a "hot" electron bunch that induces a colder, although denser return current in order to maintain quasi-neutrality. Moreover, this sort of situation occurs in the fast ignition scenario, where the charge of the relativistic electron beam is compensated by the return current. On the other hand, in the astrophysical context, WI and CFI are involved in the birth of cosmological magnetic field. Theoretically, such Weibel-type instabilities are capable to create the seed magnetic field in the large interpenetrating structures of intergalactic plasmas. Some investigations have proposed the relevance of WI for the generation of magnetic fields in gamma-ray bursters in Refs. 3-6 or galaxy cluster shocks. 7 While Weibel-type instabilities have been introduced fifty years ago, there are many questions to be answered. For instance, it is worth noting that the relativistic formulation of the Weibel instability remains a complex problem since the temperature anisotropy cannot be easily introduced starting from the standard Maxwell-J€ uttner distribution. When relativistic effects must be taken into account, the problem is additionally complicated by the nonlinear dependence of the energy of particles on their momentum and the strong coupling between perpendicular and parallel momenta through the relativistic Lorentz factor. The first discussion of the relativistic formulation of the Weibel instability is by Yoon and Davidson in Ref. 8 where the stability of a "ring" in momentum was studied. This model combines a Water-Bag 9, 10 description in the longitudinal direction and a cold Diractype distribution in the perpendicular direction. Indeed, this model can be considered as a simplified version of the multistream model, first introduced in Ref. 11 and applied for the study of CFI in Ref. 12 and for WI in the non relativistic regime in Ref. 13 .
Furthermore, the standard Weibel instability is usually non resonant with plasma particles: assuming a complex frequency x, WI grows exponentially in time with a growth rate given by ImðxÞ > 0, while the real part ReðxÞ ¼ 0. However, the features of WI can be modified and a resonant regime occurs when the instability is coupled with a parallel two-stream instability as shown by Lazar et al. in Ref. 14. Thus for large wave numbers, the aperiodic feature of WI changes and the instability becomes oscillatory in time exhibiting now a finite real frequency ReðxÞ 6 ¼ 0. This socalled resonant regime is typically encountered in a counterstreaming plasma when the stream velocities are fast enough. On the other hand when the two stream instability is introduced in the perpendicular direction of k (and now referred as CFI), i.e., when both filamentation and Weibel instabilities are emitted in the same direction, a cumulative effect was observed in Ref. 15 , leading to an enhanced growth rate larger than those observed for pure filamentation and pure Weibel instabilities. However, in the former situation, the CFI mode exhibits a hybrid electrostatic-electromagnetic nature leading to the excitation of the plasma wave. Such a coupling with the plasma wave is also met in the asymmetric distributions which require the need of new analytical tools making the calculations more tractable in relativistic situations.
Our model is thus based on a full kinetic description of the dynamics in the longitudinal direction (here denoted p x ), while a Hamiltonian reduction is used to select a class of exact solutions to describe the dynamics in the perpendicular direction in terms of a sum of particle "bunches" or "streams." The material is presented in three companion papers. Our model can be used to determine first in paper I the linear dispersion relation in a more tractable way allowing to take into account dissymmetric distributions. The second paper II in Ref. 16 address the physics that ultimately limits the growth of WI and deals with the stability of nonlinear Bernstein-Greene-Kruskal (BGK) 17 in a magnetic version at saturation of Weibel-type instabilities. The third paper, part III in Ref. 18 is based on numerical comparisons between a numerical version of the multistream model with full kinetic Vlasov-Maxwell simulations in the relativistic regime of WI. The paper is organised as follows. We briefly present our Hamiltonian model in Sec. II. The linear analysis is presented in Sec. III. To simplify the analysis, we have chosen to keep the water-bag description for the longitudinal direction (although there is no restriction in the kinetic treatment in p x ) and to put the emphasis on the multistream approach in the perpendicular directions, showing that both methods, "water bag" and "stream" differ in a fundamental way. In Sec. IV, we come back to the concept of temperature and finally discuss the relevance of this approach to specific relativistic distributions showing the correspondence in the sense of the moments. Section V is devoted to the study of a symmetric distribution function in momentum, while the case of a dissymmetric distribution is considered in Sec. VI. In Sec. VII, the multistream model is extended to the concept of "rings" in the perpendicular momentum ðp y; p z Þ space allowing to take into account circularly polarized waves showing that the multistream model can be seen as a generalisation of Yoon's and Davidson's model presented in Ref. 8 . Conclusions are given in Sec. VIII. Some auxiliary calculations are also presented in appendixes.
II. THE MULTISTREAM MODEL
Here, we sum up the basic equations used in the multistream model. We restrict our analysis to plane waves propagating along the x-direction assuming ions as a fixed neutralising background. Let us consider the Hamiltonian of one particle, of rest mass m and charge e, in the electromagnetic field (E, B)
where the standard value of the Lorentz factor is given by
In Refs. 11-13, we have shown that, it is possible to reduce the dimension of the global phase space by using the invariance of the canonical momentum
in the perpendicular direction. Such a property results from the fact that the Hamilton's equation is zero (dP c? =dt ¼ À@H=@q ? ¼ 0) since the Hamiltonian is assumed to depend only on the longitudinal spatial coordinate, here denoted x. Thus without loss of generality, we can consider a plasma where the particles are divided into 2N þ 1 "bunches" or "streams" of particles, each "stream" j (for jjj N) having the same initial perpendicular momentum C j . We can now define, for a particle population j, a distribution function noted f j ðx; p x ; tÞ which satisfies the following relativistic Vlasov-type equation:
where the Lorentz factor c, initially given by Eq. (2), becomes now
Thus for each population j, the source terms used in the Maxwell equations are defined as
f j c j dp x ;
respectively for the density and the perpendicular current density. Finally, the reduced Vlasov equations given by Eq. 
082109-2 A. Ghizzo and P. Bertrand Phys. Plasmas 20, 082109 (2013) allowing to reduce the phase space to 2D one x; p x , plus 2N þ 1 values for the corresponding C j vector. Notice that this model has been applied intensively for the study of wave-particle resonances in laser-plasma interaction using only a single stream, i.e., a cold Dirac-type distribution function in the perpendicular momentum direction. While restricted to a spatially periodic conditions in Ref. 19 , the code has been successfully extended to a non periodic causal bounded system in Ref. 20 , allowing the code to deal with more realistic and longer plasma. The case of the extension to the relativistic regime of laser-plasma interaction is studied in Ref. 21 .
III. LINEAR ANALYSIS AND "MULTIFLUID" APPROACH
Although our model takes into account a continuous distribution in p x , we choose to follow Yoon and Davidson and to introduce here a Water-Bag description in the longitudinal direction (here denoted p x ), while keeping the concept of the multistream for p ? . While the (multiple) water-bag model is based on the Liouville's theorem (see Ref. 22 for more details) and the resulting conservation of the particle distribution function, the multistream model uses the invariance of the perpendicular canonical momentum vector and the model keeps its kinetic character even with one stream. The evolution of the particle population can be described by the distribution of type
where H is the Heaviside function. We assume that p 6 j ¼ 6 p aj initially at time t ¼ 0. In the water-bag approach, it is sufficient to follow the dynamics of the contours, here obtained by determining the different moments of the reduced Vlasov equations (4) . We obtain thus
where the longitudinal electric field E x and the transverse potential vector A ? are, respectively, given by Eqs. (8) and (9) . Here, c 6 j is the Lorentz factor, corresponding to the stream j and the water-bag contours p 
A physically equivalent approach would consist in considering a multifluid model described by the set of Eqs. (11) coupled with the field equations (8) and (9) . Note that this system is closed. For the analytical study, this hydrodynamical formulation of the multistream model is particularly convenient. In the case of a linear normal mode analysis, we assume for the stream j that p 6 j ¼ 6p aj þ dp
and by using the definition of the distribution F given in Eq. (10), the set of Eqs. (8), (9), and (11) becomes now
with the relative density q j of stream j given by
Here, we have used the simplified (normalized) notation:
After calculating the integral in Eq. (16), we obtain for the relative density the following expression:
In Eq. (13), the Lorentz factor C aj is given by
The expression of the Lorentz factor in Eq. (12) allows us to rewrite the analytical form of q j in a more tractable form. By denoting c
j in a perturbative form, a little algebra leads to the following expression for the relative density:
where we have used
p aj dp
In Eq. (19), the term hc À1 aj i is defined in the standard way
using the notation of a normalized velocity
The function G, of argument b, is defined as follows:
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Here, the quantity a j ¼ 2p aj F j =n 0 represents the normalized density of the stream j (such quantities verify indeed the normalization condition P þN j¼ÀN a j ¼ 1). We have also introduced the frequency of the electromagnetic wave x k , which is given in the usual form
Now, by considering that the determinant of the system formed by Eqs. (23) and (24) is zero, it is possible to obtain a simple expression of the dispersion relation for WI in the relativistic regime. However, we adopt to simplify here the presentation just by choosing the simplified version of a linearly polarized wave, i.e., by assuming that the potential vector perturbation writes now dA ? ¼ dA y e y . The case of a circularly polarized wave will be studied later in Sec. VII. Here, we assume that the net current is zero or equivalently
A little algebra leads to the general expression of the dispersion relation in a more compact formulation
When the stream repartition in the p y -space is symmetric (the right-hand term of Eq. (27) is therefore zero), both electrostatic (ES) and electromagnetic (EM) modes are then uncoupled. While the electrostatic mode (with dE x 6 ¼ 0 and
the electromagnetic mode including the Weibel instability is given by
Notice that in the cold limit where p aj ! 0, the dispersion relation given by Eq. (27) looks like the dispersion relation of CFI in Ref. 23 .
IV. MOMENTS OF THE DISTRIBUTION FUNCTION IN THE MULTISTREAM MODEL
In the kinetic version of the multistream model presented in Sec. II, we can keep a full Vlasov description in the longitudinal direction (here denoted p x ), the temperature is then described in a standard way using the data of the different distribution functions f j ðx; p x ; tÞ, which depend explicitly of the p x variable. Now, in the perpendicular p y direction, the concept of temperature may be recovered by considering the moments of the distribution function, or in other words, by looking at the equivalence in the fluid moment sense of the multistream distribution and a continuous version of the distribution function. To this purpose, let us consider the case of a cold distribution function in p x but keeping a relativistic temperature in p y . In this section of the paper, we choose to normalize the frequency x, the wave vector k, momentum p x=y and C j respectively to the plasma frequency x p , the electron skin depth c=x p and to mc. We have also introduced the normalized velocity b ¼ v=c. The equilibrium distribution corresponds to:
with the standard definition of l ¼ mc 2 =T y . Thus by defining the quantity hðp y Þ ¼ Ð F 0 ðp x ; p y Þdp x , we can used for the multistream model the following functional form:
We then defined the 2n-moment of the quantity hðp y Þ as
By introducing the notation a j ¼ F j =n 0 , the equivalence condition for the two first non zero moments hp 2 y =ci and hp 4 y =ci of the distribution F 0 leads to
together with the normalization condition
Here K n ðlÞ is the modified Bessel function of second kind of order n. Now, we assume that the j-stream verifies the following symmetry properties C Àj ¼ ÀC j and a Àj ¼ a j for every values of j between 1 to N. We take also C 0 ¼ 0 for the central beam. Now by restricting the system to a threestream model, Eqs. (33) and (34) become now 
in the non-continuous version, the concept of temperature can be recovered by the "spacing" of streams in the perpendicular momentum space. For the three-stream model, it is the spacing of the streams j ¼ 61 which plays this role; the central beam having finally no contribution. In the multistream model, the perpendicular temperature can be defined as
In the general case with 2N þ 1 streams, the system of Eqs.
(33)-(35) may be generalized and takes the form of a Vandermonde system. In particular, when trying to solve this system numerically, it becomes ill-conditioned for large values of the number of streams. A more convenient way can be found for the resolution of the system for a large number of streams and for a regular sampling of the p y axis, i.e., for an equispaced set of C j values. The idea is then to compute the F j values at points C j ¼ jDC (using for instance DC $ 1 2 p th;y where p th;y is the thermal momentum along the y axis) for a given distribution function. We will see that such an approximation becomes accurate for a total number of streams greater than five, at least in the linear regime. These results will be used in paper III to initiate the plasma using a more general shape of equilibrium distribution introduced by Schlickeiser in Ref. 24 taken into account a temperature anisotropy in generalized Maxwell-J€ uttner-type distribution. As mentioned previously, the part III companion paper 18 presents numerical comparison with full kinetic VlasovMaxwell simulations.
V. THE SYMMETRIC CASE: PURE TRANSVERSE WI
Let us consider the linear dispersion relation for the relativistic regime given in Eq. (29) in presence of stream symmetry in the p y direction which indeed is a particular case of the coupled ES/EM dispersion relation (27). Notice that the second member of Eq. (27) becomes zero when the repartition of the C j values is symmetrical in p y . The analytical formulation of the linear dispersion (27) as a discrete summation over an assembly of streams provides a general and exact approach to take into account any type of anisotropy of the distribution function. The case of CFI, involving two cold beams, was recently treated in Ref. 12 .
As a first application of WI, let us consider the case where b aj ¼ 0. In that case, Eq. (29) can be rewritten in a dimensionless polynomial form of fourth degree. One thereby gets the following dispersion relation:
where the frequency, wave vector, and velocity are normalized to x p ; d e ¼ c=x p and c. Equation (40) has two real roots x 2 1 and x 2 2 such that
showing that the system is always unstable. Such a polynomial equation in the case where b aj ¼ 0 presents the advantage of being solved for any value of the number of streams without difficulty since the order of the polynom does not depend of N. Thus, we can check the convergence of the model for a large number of streams. Finally, the numerical resolution of the dispersion relation given by Eq. (40) is performed under two initial techniques to build the position of streams corresponding to a Maxwell-J€ uttner distribution of transverse temperature of T y ¼ 2000 keV. A graphical representation is given in Fig. 1 to aid comparison of the obtained convergence of the numerical solution when the number of 082109-5 A. Ghizzo and P. Bertrand Phys. Plasmas 20, 082109 (2013) streams is modified. Fig. 1 displays the normalized growth rate C=x p as a function of the normalized wave number kc=x p . By choosing a regular sampling of the p y axis (i.e., an equispaced set of C j values, separated by DC $ 0:50p th;y ), the convergence is already obtained for 2N þ 1 ¼ 15 streams. We have represented in solid line the case of 2N þ 1 ¼ 257 streams (we have however used a smaller value of DC $ 0:3 which is identical to the case of 15 streams). The case of a regular sampling using five streams with DC ¼ 0:75p th;y ðp th;y ' 4:032mcÞ is plotted in dotted line. Note that the curve is very close of the exact solution plotted in solid line, even with a small number of streams. Now let us consider the equivalence in the sense of the moments of the distribution. We have plotted the numerical solutions obtained using three streams (i.e., with N ¼ 1) and five streams (with N ¼ 2) in dashed lines, but now using the equivalence in the sense of the moments of f. In that case the initial position of streams C j was determined by solving Eqs. (33)-(35) for three streams, or the system formed by Eqs. (32) and (35) when the number of stream is bigger than three. We observe that the convergence now is slow and the result obtained for three streams exhibits a non negligible error while the case N ¼ 2 (i.e., 5 streams) leads to a solution close to the expected value.
Hence, the case where b aj 6 ¼ 0 corresponds now to a weaker anisotropy temperature, because we choose to keep the same perpendicular temperature but increases now the degree of the polynom form when the number of streams increases. We have tried three then five streams in Eq. (29). Thus, using a three-stream model in the transverse direction and a simplified water-bag description (with only one bag), we are able to recover the case of WI, driven by a temperature anisotropy if one of the roots is negative. We have shown, for a three-stream model that
and we are able to recover the case of WI, driven by a temperature anisotropy if one of the roots is negative. From the last inequality (42), one gets the threshold condition of the temperature anisotropy necessary to initiate the instability in the relativistic regime. The dispersion relation for seven streams is presented in Appendix A. The imaginary part of the stationary solution (the real part being zero) of the dispersion relation given by Eq. (A3) of the Appendix, for different sets of temperature parameters are plotted in Figs. 2 and 3 for the case of seven streams. Here, the equivalence in the sense of the moments has been used. Similar results have been obtained using five streams. Fig. 2 shows a typical plot of the growth rate C=x p against kc=x p for four different values of the longitudinal bag momentum p a . Here the parameter p a is kept fixed for each stream and p a is taken from 0 till 1.5 by step of 0.5. When p a increases, Fig. 2 confirms that the maximum growth rate of the instability shifts toward shorter wave numbers. In the above examples of Figs. 1 and 2 , the perpendicular temperature of the distribution function is fixed to T y ¼ 2000 keV. Let us now remove such a constraint and consider the third example where T y is now varying, while the longitudinal p a value (and therefore the longitudinal temperature) is fixed to p a ¼ 1:5. The plot of the growth rate C=x p versus kc=x p , shown in Fig. 3 , looks qualitatively similar to Fig. 2 and shows that the growth rate C decreases strongly when the perpendicular temperature decreases.
VI. THE DISSYMMETRIC CASE: CUMULATIVE EFFECT OF THE CFI AND WI GROWTH RATES
For completeness, now a relativistic distribution function is investigated that is asymmetric in momentum. The chosen distribution will couple linearly the filamentation and Weibel instabilities leading to a cumulative effect of these two instabilities. The cumulative effect is given by the solutions of Eq. (27), when the electrostatic branch is taken into account. Thus, the physical mechanism of WI and CFI are very similar and the amplification of the longitudinal plasma field has to be found in the symmetry breaking of the streams 
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A. Ghizzo and P. Bertrand Phys. Plasmas 20, 082109 (2013) in the perpendicular momentum space. Note that a similar result was recently proposed by Bret et al. 23 have already indicated such a behaviour of CFI in a situation somewhat different.
Let us now consider the coupling of both CFI and WI instabilities. Because we want to simplify the presentation, we do not take into account a longitudinal temperature and just consider the cold approximation (for p x ) of our multistream model. Thus, the Weibel instability is described in the standard way using 2N-1 streams in the p y direction, while CFI is exactly described by only the set of two streams. In others words, the dissymmetry in WI is here described by the introduction of only two non symmetric streams in the distribution of streams along the p y direction. Of course, it is possible to take into account a more complex shape of the distribution function in p y , by introducing a dissymmetry over many streams.
The resulting global distribution function, in the perpendicular direction p y , is then described by the set of 2N þ 1 "particle bunches" or streams, assuming that the right-hand side of the global dispersion relation, Eq. (27) is now different from zero through the presence of the term
Lorentz factor obtained from Eq. (18) taking p aj ¼ 0. Equation (27) can be rewritten in a polynomial form of sixth degree. In a dimensionless expression, we get
Here, we have assumed a charge neutrality condition and an initial zero net current P þN j¼ÀN a j C j =C j ¼ 0 while keeping P þN j¼ÀN a j C j =C 2 j 6 ¼ 0. Here, the quantity A j is given by Eq. (A4) in Appendix A, replacing C aj by C j .
We study the coupling of WI driven by a temperature anisotropy with T x ¼ 0 and T y ¼ 2000 keV coupled with CFI induced by two cold Dirac-type streams of respective momentum p 1 ¼ À0:8925 and p 2 ¼ 20:40 in mc-units. The corresponding beam densities are then n 01 ¼ 0:60 and n 02 ¼ 0:40 (with n 01 þ n 02 ¼ 1). These physical parameters have been determined assuming that the initial net current is zero for CFI, i.e., n 01 p 1 =C 1 ¼ n 02 p 2 =C 2 and using the standard notation of the Lorentz factor C j for each stream.
Concerning WI, we use 2N-1 streams (here 127 streams) for describing the distribution function using equispaced C WI j invariants of the perpendicular canonical momentum. Thus, the values of the set of parameters fa ¼ 0 for the longitudinal direction. Thus we have built an initial distribution for both types of contribution, i.e., WI plus CFI, having 2N þ 1 streams globally and characterised by the set of parameters fa j ; C j g chosen such that
The amplitude of streams is then defined by
The set of parameters fa j ; C j g for jjj N verifies the two following conditions:
Here the parameter n is the coupling coefficient for which WI is dominant for n ¼ 0, while CFI is dominant for n ¼ 1. Fig. 4 displays the results. We point out that the growth rates of the mixed WI/CFI instability have their maximum for kc=x p ! þ1 as the result of the choice of the 
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A. Ghizzo and P. Bertrand Phys. Plasmas 20, 082109 (2013) Dirac-type distribution in the p x direction. In addition, we show that, for large wave numbers, the features of the WI instability changes and the mixed WI/CFI instability exhibits a cumulative effect in the sense that the growth rate is found larger than those of pure CFI and pure WI. For instance for n ¼ 0:50 (i.e.,
, for the total contribution in amplitude for WI and CFI, respectively), the growth rate of the mixed instability is found close to C WIþCFI =x p ' 0:44, i.e., well above the linear expected value of We have shown that the cumulative effect of the thermal anisotropy in presence of a dissymmetric streams leads to growing rates, which are markedly larger than those obtained in the same conditions for pure filamentation and Weibel instabilities. Here, the cumulative effect is linked to the growth of the Langmuir mode allowing to couple between both filamentation and Weibel instabilities. Notice that the excitation of a Langmuir wave may lead to a resonant-type instability in the sense that we expect wave-particle resonances in the non linear regime of the Weibel instability when the saturation is reached.
VII. CONCEPT OF "RING" FOR CIRCULARLY POLARIZED WAVE
It is instructive to consider, as an example, the case of a circularly polarized electromagnetic field. In the general case, the dispersion relation may be found from Eqs. (23) and (24) in the standard form of a matrix determinant equal to zero. The different coefficients of the tensor ab can be found in section B of appendix in Eqs. (B1)-(B4). Here, we assume again that we have the condition
We see that, at least in the linear regime, the coupling with the longitudinal electric field is induced by the tensor coefficient xb ¼ bx given by Eq. (B2) and we are faced with the same problem of the previous section where the coupling with the electrostatic mode is created by the non diagonal terms of the tensor ab . If we assume now that both electromagnetic and electrostatic contributions are decoupled (WI becoming purely transverse), it is then possible to build the different streams repartited on several "rings" of radius C ?r . Thus for a class of streams fa j ; C j g having the same radius C ?r (C ?r being the modulus of the vector C j ), we can introduce a random phase h j which determines the angular position of each stream on a given "ring" of label r. By conserving the central stream located at C 0 ¼ 0, we can sample each ring by 2N=N ring "streams" having the same C ?r and where N ring denotes the total number of considered rings. The canonical invariant writes then in the standard form in the perpendicular momentum space:
By averaging over the phase variable h j , it is then possible to recover the standard formalism of a purely transverse electromagnetic Weibel instability without amplification of an electrostatic component. By introducing an equilibrium distribution function in the form of a representation of N ring circular rings:
it is possible to write the dispersion relation in the form . Here, we use a r ¼ 2F r p ar =n 0 and we have introduced the quantity b ar ¼ p ar =mcC ar where the Lorentz factor C ar is given by Eq. (18) by replacing the label j by r, which now determines the considered ring and by replacing the quantity C j :C j by C 2 ?r . Note that the case r ¼ 0 corresponds to the central Dirac-type stream, located at the origin of the perpendicular momentum space with C ?0 ¼ 0. The normalization condition of the distribution function leads to choose P N ring r¼0 a r ¼ 1. In the case where we consider only one ring and no central stream (i.e., assuming that a 0 ¼ 0 and a 1 ¼ 1), we recover the exact solution of Yoon and Davidson in Ref. 8 . Indeed in the multistream model, we have assumed that each ring can be sampled by N s streams using a Dirac-type distribution of parameters fa j ; C j g with j ¼ 1; :::; N s and N s ¼ 2N=N ring which obey the conditions P N s j¼1 a j ¼ a r and C j is given by (48).
In the relativistic regime, the effective temperature in the perpendicular and parallel directions with respect to the wave vector direction is now defined by 
where
and where we have replaced
mc by C ? to describe the ring's size. The corresponding instability condition for Eq. (55) yields now to
which depends explicitly of the effective density of the central stream. We choose C ? ¼ p th;? ' 3:426mc for a temperature of T ? $ 840keV. As a numerical example, shown in Fig. 5 , is the plot of the growth rate
for different values of the effective density a 0 from 0.1 till 0.6. It is evident from Fig. 5 that the growth rate strongly decreases when the density of the central beam increases. Thus a stabilization process is observed when a 0 ! 0:80, showing that the shape of the distribution plays a central role in WI. Applications of these results are left to paper II where the study of the asymptotic stationary equilibrium will be studied in the case of circularly polarized wave.
VIII. CONCLUSION
This first part of a series of articles on the Hamiltonian multistream model describes the linear and relativistic regime of Weibel-type instabilities. Specifically, the multistream model, or its "multiring" extension for circularly polarized waves, is a set of one-dimensional reduced Vlasov-type equations obtained in a Hamiltonian framework when one spatial dimension is lacking allowing the use of the invariance property of the canonical momentum in a perpendicular direction. By approximating the system as a finite number of particle "bunches" or "streams," or in other words, as a summation of Dirac distributions, we have obtained the linear dispersion relation of the Weibel instability in the relativistic regime when a temperature anisotropy is taken into account. Although a simplification is introduced in the analytical treatment by using a water-bag description in the parallel direction in momentum space, the model can be extended to a more general situation without difficulty. This formulation gives also a clear description of the temperature effects in the relativistic regime of the instability and there are no constraints on the shape of the equilibrium distribution which can be far from the relativistic Maxwell-J€ uttner equilibrium.
For the case of a dissymmetric distribution, it has been shown that the dispersion relation possesses two branches, one of the purely electromagnetic character (i.e., transverse) and an another of a purely electrostatic nature leading to a possible mixed electrostatic-electromagnetic nature. Our analytical model can be used without difficulty to study the linear coupling between filamentation and Weibel instabilities leading to a cumulative effect of both instabilities.
From the analytical and numerical treatment of the problems of interest of this paper, the multistream formalism is more appropriate. This is particularly true for the numerical simulations since the Vlasov-Maxwell formalism is cast into a four-dimensional phase space, while the multistream model only requires the discretization of a two-dimensional phase space plus the introduction of a limited number of streams. Numerical simulations based on the multistream model are left to papers II and III where specific problems are addressed pertaining now to the nonlinear aspects of the instability where trapped particle populations play a key role in the saturation process of the Weibel instability.
In the multistream approach, the equilibrium state is described by the set of parameters fa j ; C j ; p aj g for jjj N, 
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Thus, for a given number of streams, the set of parameters fa j ; C j ; p aj g is used for the resolution of the dispersion relation given in Eq. (29) which corresponds to the pure transverse Weibel instability. The determination of quantities fa j ; C j ; p aj g for jjj 3 is made by solving Eqs. (A1) and the condition of normalization P 3 j¼À3 a j ¼ 1, using the analytical expression (A2) to calculate the moment of order 2n of the quantity hp
